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Abstract—For the fragmentation of 7Li and 7Be relativistic nuclei (with momenta of, respectively, P =
3 GeV/c and P = 1.6 GeV/c per nucleon) on proton targets through the 3H(3He) + 4He channels, the
differential cross sections with respect to the momentum transfer Q to the fragments were calculated on
the basis of the cluster version of Akhiezer–Glauber–Sitenko diffraction theory by employing the two-
body cluster model for the 7Li (3H + 4He) and 7Be (3He + 4He) nuclei. These calculations, performed in
the impulse approximation in the interaction of intranuclear clusters with the target nucleus, explained a
strong suppression of the cross sections for reactions on protons at Q lower than 100 MeV/c and higher
than 350 MeV/c and the observed irregularities in the behavior off the cross section for 7Li fragmentation
on complex track-emulsion nuclei. Cross-section values close to their experimental counterparts were
obtained upon setting the coefficient of two-body clustering in the 7Li and 7Be nuclei to k � 0.7.

DOI: 10.1134/S1063778815050051

1. INTRODUCTION

A number of experiments devoted to studying
peripheral reactions involving the fragmentation of
relativistic light nuclei that have momenta of sev-
eral GeV/c units per nucleon and which collide with
track-emulsion nuclei have been performed over the
past fifteen years [1]. From the mass and charge
composition of emerging fragments, it follows that
not only proton emission but also the emission of
deuterons, tritons, 3He nuclei, alpha particles, and
more complex nuclei may occur in such reactions.
These results are usually treated, at least at a qual-
itative level, as manifestations of respective cluster
degrees of freedom in the structure of incident nuclei.
The main objective of track-emulsion experiments,
in which one can study the spatial picture of events,
identify charged particles, measure particle momenta
and cross sections for proceeding processes, and
obtain various distributions of events with respect to
kinematical variables was to collect data that can be
used both to study fragmentation mechanism (nu-
clear and Coulomb ones) and to obtain information
about the structure of nuclei. It should be borne
in mind, however, that a theoretical analysis of the
properties of reactions involving the emission of three
or more charged particles presents a very complicated
problem. For this reason, multiparticle fragmentation
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channels observed in track emulsions have not yet
been interpreted adequately.

The situation around the application of already de-
veloped theoretical approaches to studying the struc-
ture of nuclei and fragmentation mechanisms is more
favorable in those cases where the disintegration of a
relativistic nucleus in a track emulsion (without the
breakup of the target nucleus) leads to the forma-
tion of only two charged fragments. As examples of
such reactions, one can consider the disintegration
of three two-cluster nuclei 6Li(2H + 4He), 7Li(3H +
4He), and 7Be(3He + 4He) through the respective
cluster channels, which are dominant in the ground
states of these nuclei. A relatively large yield of such
events in which the masses and charges of cluster
pairs were identified was observed in nuclear track
emulsions [2–4]. Track emulsions make it possible to
detect all events concentrated in a very narrow cone
along the direction of the beam of primary nuclei and
to measure the transverse momentum of the center of
mass of the final fragment pair, Q, for any polar and
azimuthal emission angles of individual fragments,
this being equivalent to integrating the momentum
distribution for the relative motion of two clusters. As
a result, one can get an idea of the distribution of all
events (this is of importance in the case of a moder-
ately small data sample, which is characteristic of the
track-emulsion method) with respect to the variable
Q alone and single out, in the differential cross section
dσ/dQ, regions where the diffraction and Coulomb
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reaction mechanisms are operative. In addition, this
representation of the results permits comparing the
theoretically predicted diffraction oscillations in the
inelastic-reaction cross section with the diffraction
picture observed in elastic scattering.

In [5], the results of measurements of the differen-
tial cross section dσ/dQ for the disintegration of 7Li
nuclei (at a momentum of P = 3 GeV/c per nucleon)
on track-emulsion nuclei through the 3H + 4He
channel were presented and were interpreted within
the two-body model of the 7Li nucleus [6, 7] and
the cluster version of Akhiezer–Glauber–Sitenko
diffraction theory [8–11]. One of the conclusions
of that study was that the irregularities observed in
the Q dependence of the cross section arise owing
to the superposition of two diffraction cross sections
for reactions on a mixture of light (C, N, and O) and
heavy (Br and Ag) track-emulsion nuclei. Each of the
masked cross sections [5, 12] has its own pronounced
oscillating shape, with the first maximum being
shifted (and the number of subsequent oscillations
being accordingly smaller) toward the region of high
values of Q for the light target nuclei, whose radii
are approximately one-half as large as the radii of
the heavy target nuclei. In order to discover and
study the theoretically predicted features of cross-
section oscillations, such as the numbers of peaks
and their intensities and shifts for various values of
the target mass number, one needs data on two-
cluster fragmentation on individual nuclei. In track
emulsions, protons are the only pure nuclear target
on which one can study two-cluster fragmentation.
The disintegration of 7Li (at a momentum of P =
3 GeV/c per nucleon) and 7Be (at a momentum
of P = 1.6 GeV/c per nucleon) nuclei on proton
targets in a track emulsion were recently studied
in [13, 14]. The sections that follow present the
elements of the formalism used here and the results
obtained by calculating cross sections for two-cluster
fragmentation on protons on the basis of the two-
body model for the 7Li and 7Be nuclei and with the
aid of diffraction theory. The results are compared
with experimental data.

2. FORMALISM OF DIFFRACTION THEORY
FOR THE TWO-CLUSTER FRAGMENTATION

OF NUCLEI

Following the formalism developed in [8] and used
there to derive expressions for the amplitudes and
cross sections for the diffraction dissociation of a
deuteron to the constituent neutron and proton, we
will consider the analogous differential cross sec-
tion for the fragmentation of a relativistic nucleus
whose ground-state wave function ϕji,μi(r) has a

two-cluster form and for which ϕf ,μs(r) denotes the
wave function for the pair of fragments in the con-
tinuous spectrum. Within this formalism, the cross
section in question has the form

dσ/dQ =
1

k2(2π)3

{
1

(2ji + 1)
(1)

×
∑
μs,μi

∫ ∣∣T (f ,Q;μs, μi)
∣∣2dfdψQ

}
Q,

where k is the projectile-nucleus momentum, Q is
the momentum of the fragment center of mass, ψQ

is the azimuthal angle of the vector Q, and f is
the momentum of the relative motion of fragments.
The reaction amplitude corresponding to the impulse
approximation can be written in the standard form
[10, 11]

T =
k

k1
f1(Q)F (β1Q, f) (2)

+
k

k2
f2(Q)F (−β2Q, f).

In this expression, k1 and k2 are the cluster mo-
menta in the relativistic projectile nucleus (k = k1 +
k2); β1 = m2/(m1 + m2), where mi are the cluster
masses; β2 = 1 − β1; and fi(Q) are the amplitudes
for the elastic scattering of individual projectile clus-
ters on the nuclear target. These amplitudes can be
expressed in terms of the integral of the product of the
Bessel function J0(x) and the profile function ωi(b)
with respect to the impact parameter b as

fi(Q) = iki

∞∫
0

J0(Qb)ωi(b)bdb, (3)

ωi(b) =
1

2πiki

∫
exp(−iqb)fi(q)d2q.

The inelastic form factors

F (βiQ, f) =
∫

exp(iβiQr)ϕ∗
f ,μs

(r)ϕji,μi(r)dr (4)

and, hence, the cross section dσ/dQ2 vanish, in con-
trast to what we have in the case of elastic scattering,
at Q = 0 by virtue of the orthogonality of the wave
functions ϕf ,μs(r) and ϕji,μi(r).

Taking into account the completeness of states of
the two-cluster Hamiltonian in performing integra-
tion with respect to the momentum f , we can express
the cross section in (1) in terms of the amplitudes f̄i =
(k/ki)fi(Q) and the radial integrals of the spherical
Bessel functions jL(qr) over the bounded states Rlj
as

dσ/dQ =
2π
k2

(
|f̄1|2 + |f̄2|2 (5)
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+ 2Re(f̄1f̄
∗
2 )I0(Q) − 3

∑
lj,L

(2l + 1)(2j + 1)

×
∣∣f̄1I

lj
L (β1Q) + (−1)Lf̄2I

lj
L (β2Q)

∣∣2
× (10l0|L0)2

⎧⎨
⎩j l 1/2

1 3/2 L

⎫⎬
⎭

2 )
Q.

The integrals

I0(q) =

∞∫
0

j0(qr)R2
i r

2dr, (6)

I lj
L (q) =

∞∫
0

jL(qr)RljRir
2dr

are determined by the set {Rl,j} of radial functions for
all bounded states of the pairs of clusters (Ri is the
radial function for the P3/2 ground state), including
both the states of the two-cluster Hamiltonian that
are allowed by the Pauli exclusion principle and the
states that are forbidden by it. We note that, in the
approximation where the profile functions are equal to
each other, ω1(b) = ω2(b), expression (5) reduces to
the analogous form presented in [5] and used there to
calculate the cross sections for the two-cluster frag-
mentation of 7Li nuclei on the two groups of track-
emulsion nuclei [(C, N, and O) and (Br and Ag)].

The differential cross sections (5) for the frag-
mentation of 7Li and 7Be nuclei were calculated by
using the diffraction amplitude for the scattering of
the intranuclear clusters 3H, 3He, and 4He on protons
in the analytic form

fi(Q) =
ikiσ(1 − iα)

4π

A∑
n=1

(−1)n−1

n

(
A

n

)
(7)

×
(

σ(1 − iα)
2π(R2

A + 2a)

)n−1

× exp
(
−

(
R2

A + 2a
4n

− R2
A

4A

)
Q2

)
,

where A is the number of nucleons in the nucleus, σ
is the total cross section for nucleon–nucleon inter-
action, and α is the ratio of the real and imaginary
parts of the amplitude for elastic scattering at zero
angle. This expression for the amplitude describes
fairly well the scattering of relativistic protons (at a
momentum of PLab = 1.7 GeV/c) on 4He nuclei [15].
The parameters in expression (7) are related in a
standard way to the nuclear density |Ψ|2 represented

as a product of Gaussian functions and the nucleon–
nucleon scattering amplitude f(q):

|Ψ(r1 . . . rA)|2 =
A∏

i=1

ρi(ri), (8)

ρi = exp(−r2
i /R

2
A),

f(q) =
i + α

4π
pσ exp

(
−1

2
aq2

)
.

The R2
A values used in the calculations were deter-

mined from the relation R2
A = (2/3)(〈r2

A〉 − 〈r2
p〉)(1−

A−1)−1 [16] by using the charge radii 〈r2
A〉1/2 of the

3H, 3He, and 4He nuclei and the proton charge radius
〈r2

p〉1/2, their values being, respectively, 1.76, 1.94,
1.67, and 0.88 fm [17].

The radial wave functions for the allowed (P1/2 and
P3/2) and forbidden (D∗

3/2, D∗
5/2, S∗

1/2, P ∗
1/2, P ∗

3/2, and
S∗

1/2) states were calculated with the same interaction
between the clusters as in [5, 7]. In calculating the
cross sections in (5) for the fragmentation of 7Li (at a
momentum of P = 3 GeV/c per nucleon) and 7Be (at
a momentum of P = 1.6 GeV/c per nucleon) nuclei,
the parameters were set to the values of σ = 43 mb,
α = −0.35, and a = 0.243 fm−2 for the former and
to the values of σ = 42.8 mb, α = −0.2, and a =
0.245 fm−2 for the latter [18].

3. RESULTS AND CONCLUSIONS

Figure 1 shows that our calculations performed
for a proton target and for two groups of target nu-
clei, (C, N, and O) and (Br and Ag), contained in
a track emulsion reveal a characteristic dependence
of the shape and magnitude of the cross sections
on the target mass number—more precisely, on the
target radius RT � 1.2A1/3, which determines ap-
proximately the width (in the impact parameter b) of
the real part of the profile function, Re(ω(b)), for the
cluster–target system. The imaginary parts of this
profile function, Im(ω(b)) (dashed lines), are moder-
ately small and are of secondary importance. For a
first approximation, we can assume that this width is
close to the sum of the radii of the intranuclear cluster
and target nucleus. The results for the (C, N, and O)
and (Br and Ag) groups of target nuclei were obtained
in [5] by using the averaged profile function of the 3H
and 4He nuclei. The proton-target profile functions
presented in the lower part of Fig. 1 were calculated
with the aid of the two-dimensional Fourier transform
of the amplitude, fi(q) (3), while the corresponding
7Li cross section was calculated according to expres-
sion (5). A comparison of the fragmentation cross
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Fig. 1. Profile functions and cross sections for the two-cluster fragmentation of 7Li nuclei (see main body of the text).

sections for heavy and light track-emulsion nuclei
and for protons in Fig. 1 shows that, as the target
size (profile-function width) decreases, the number
of oscillations in the cross sections decreases, while
their maxima move toward large values of Q. In
the case of a proton target (for pointlike nucleons,
RT = 0 and the cross section is determined by the
cluster profile function alone), the cross section is
characterized by only one maximum greatly shifted to
the region around Q � 0.25 GeV/c and by a strong

suppression in the regions of Q ≤ 0.1 GeV/c and
Q ≥ 0.35 GeV/c.

In Fig. 2, the cross sections measured by the
track-emulsion method for 7Li fragmentation (at a
momentum of P = 3 GeV/c per nucleon) on nuclei
of the (C, N, and O) and (Br and Ag) groups [5]
and on protons [13] and the cross section for 7Be
fragmentation (at a momentum of P = 1.6 GeV/c
per nucleon) on protons [14] (histograms in Fig. 2b)
are contrasted against the calculated cross sections.
The theoretical curve describing the cross sections
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Fig. 2. (a) Experimental data and theoretical curves representing the cross sections for the disintegration of 7Li nuclei on two
groups of track-emulsion nuclei, (C, N, and O) and (Br and Ag); (b) experimental data (histograms) and theoretical curves
representing the cross sections for the disintegration of 7Li and 7Be nuclei on protons.

for the reactions on complex nuclei (N) was obtained
by summing the oscillating diffraction cross sections
shown in Fig. 1 [5]. Curve C represents the Coulomb
dissociation cross section, which is negligible in the
case of proton targets. The smooth curves against
the background of the histograms represent the cal-
culated cross sections for the fragmentation of 7Li
and 7Be nuclei on a proton target. The difference of
these cross sections is moderately small—not more
than 15% in the region of the maximum—and one can
hardly observe it at the level of a statistical accuracy
provided by the track-emulsion method.

We note that, within the two-body model under-
lying our present calculations and assuming a 100%
probability for this type of clustering (the clustering
coefficient of k = 1), all theoretical cross sections,
both for complex target nuclei and for protons, exceed
their experimental counterparts. An acceptable de-
scription of the absolute values of the cross sections
that are shown in Fig. 2 was obtained with a common
clustering coefficients of k = 0.7. A comparison of
the results of our calculations with respective exper-

imental data demonstrates the adequacy of apply-
ing the cluster version of Akhiezer–Glauber–Sitenko
diffraction theory [8–11] and the two-body cluster
model of nuclei that involves forbidden states [6, 7] to
describing special features of the experimental cross
sections measured for the two-cluster disintegration
of relativistic 7Li and 7Be nuclei.
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